Abstract: We achieved optically pumped lasing actions of extremely small optical resonators, which have 1.4-2-m-diameter GaN hexagonal nanorings with wall widths of 60-140 nm. The hexagonal nanorings were grown by rf-plasma molecular beam epitaxy (rf-MBE) with Ti-mask selective area growth (SAG). Due to the nanometer scale of the wall width, the propagation of threading dislocations through the wall was suppressed, and high crystalline quality of the nanoring resonators was achieved. The hexagonal nanorings possessed a fine cavity configuration of crystallographically flat outer walls and consisted of hexagonally connected sixfold side sections. The periodic boundary condition for each section with a short length limits the number of longitudinal resonance wavelengths, and narrowing the wall suppresses the occurrence of lasing in higher transverse modes. Therefore, both contribute to the lasing action in a single longitudinal mode of the hexagonal nanoring.
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Microcavity resonators composed of semiconductor micro-or nanocrystals have attracted much attention because of their potential applications to low-power consumption or cumulated solid-state lighting, optical switches, and circuit elements. Ring-cavity resonators support whispering gallery modes (WGMs) [1] , [2] , in which light propagates circularly around the inside of a cavity, repeatedly undergoing total internal reflection (TIR) at the outer cavity boundary. This is suitable for achieving strong light confinement and a high Q factor compared with traditional Fabry-Perot cavities. Recently, the WGMs in the ring-cavity resonators made of nano-or microcrystals have been extensively investigated, for example, ZnO nanonails and nanowires [1] , [3] [4] [5] [6] , GaN [7] , [8] , InAs [9] , and GaInP [10] microdisks. Among them, high crystallinity was attained for the ZnO nanonails and nanowires through the crystal growth of the nanocrystals in the same manner that GaN nanocolumns [11] are dislocation-free crystals [12] . Such bottom-up nanostructures are advantageous for attaining high crystal quality. At the same time, in the case of top-down nanostructures, for example, in microdisks prepared by chemical etching [7] [8] [9] [10] , the crystal quality is innately determined with that of grown films. As alternated, we gain flexibility of controlled size and position.
Owing to their miniature cavity size, nanoring cavities are expected to be a building block of active optical integrated circuits, for which controlling the ring size and geometry is essential for tuning the lasing wavelength. Thus, the control of the position and shape of nanocrystals is strongly required.
Recently, the selective area growth (SAG) technique of GaN has been developed [13] [14] [15] , and regularly arranged nanocrystals of high crystal quality, such as nanocolumns [15] [16] [17] and hexagonal nanorings, [18] have been fabricated, with excellent control of the size, geometry, and position.
In this study, GaN tiny hexagonal resonators with the diameters of 1.4-2 m were fabricated by rf-plasma molecular beam epitaxy (rf-MBE) with SAG, achieving the optically pumped lasing actions. For the hexagonal nanoring cavities with a diameter of 1.88 m and a thin wall width of 60 nm, a single wavelength lasing action was observed. At the same time, 1.3-1.5-m-diameter circular optical resonators were also fabricated to compare the lasing characteristics with those of hexagonal resonators.
Prior to the growth, Ti films (3 nm) were deposited on the GaN templates, and hexagonal or circular ring window patterns were grooved in the GaN template through the Ti films, employing electron beam lithography and dry etching. Then, Si-doped GaN was grown for 3 h at approximately 900 C under the supplied Ga flux of 5:0 Â 10 À4 Pa and rf-plasma nitrogen flow rate of 0.72 sccm, where the rf input-power was 450 W, and the Si source temperature was 1050 C. GaN was selectively grown following the grooved ring patterns. The detailed growth procedure and the mechanism of the SAG by rf-MBE were described in [16] and [17] . Fig. 1 (a) and (b) show scanning electron microscopy (SEM) views of a hexagonal nanoring sample (H0); the side length of the hexagonal nanoring (S) is 1085 nm, the nanoring wall width (W) is 60 nm, and the height approximately 900 nm.
The high-excitation room-temperature photoluminescence (RT-PL) behaviors of the nanoring samples were evaluated under 355-nm Nd:YAG laser light excitation with a 5-ns pulse width and 20-Hz repetition rate. The excitation light was focused onto a spot of 5.6-m diameter to measure emission spectra from a single GaN hexagonal nanoring; the excitation power density was varied from 430 kW/cm 2 to 3.1 MW/cm 2 . Fig. 2 (a) shows the emission spectrum of the GaN hexagonal nanoring at 3.1 MW/cm 2 ; a sharp and strong emission peak appeared at a wavelength of 365.6 nm with a full-width at half-maximum (FWHM) of 0.3 nm. The dependence of the emission peak intensity on excitation power density is shown in Fig. 2(b) ; the intensity increased nonlinearly, and the threshold power density was estimated to be 750 kW/cm 2 from the characteristics in Fig. 2(b) . The narrow emission spectrum and the nonlinearity of the light intensity versus excitation power density characteristics provided evidence that lasing action in a single mode occurred from the GaN hexagonal nanoring cavity.
Various GaN hexagonal and circular nanoring cavities with different ring widths and diameters were fabricated. Fig. 3 shows SEM top views of hexagonal nanorings (H1, H2) and circular nanorings (C1 and C2). The (W, S) values of H1 and H2 were (140 nm, 1000 nm) and (450 nm, 1200 nm), respectively; the (W, ring diameter D) values of circular nanorings C1 and C2 were (140 nm, 1300 nm) and (350 nm, 1500 nm), respectively. Fig. 4 shows the RT-PL spectra at an excitation density of $3:0 MW/cm 2 for these GaN nanorings. No lasing action was observed for H2 and C2, which had wide ring wall widths of 450 and 350 nm, respectively. We know that the nanostructures are dislocation-free, as frequently observed in nanocolumns, because threading dislocations bend at the bottom to be terminated at side walls [16] , [17] , but this effect only occurs in narrow nanostructures. Cathode luminescence (CL) observations of the nanorings with the 450-and 350-nm wall widths showed no emissions in the ring wall regions, showing evidence of plausible existence of dislocations in the nanorings (H2 and C2). Contrarily, we observed the CL emission for the narrow 60-nm-width nanorings. It is therefore crucial for nanocrystal cavity lasers to have high crystalline quality because their gain volumes are small.
In Fig. 4 , the emission spectrum of the circular nanoring C1 had five emission peaks at wavelengths of 365.0, 367.1, 368.5, 369.9, and 371.1 nm. For many applications, the realization of single-wavelength operation is a crucial issue. To clarify the mechanism of the multiple-wavelength operation, the optical waveguide of the nanoring cavity (H1 and C1) is analyzed. In the analysis, the cross-sectional refractive index distribution of the waveguide is assumed to be that of a GaN wall of 140-nm width and infinite height sandwiched by air, i.e., air j wall j air; here, the refractive index of GaN is taken from [19] . The optical field evanescently spreads outside of the GaN wall, where the optical gain exists. The spread of the optical field reduces the optical confinement factors into the wall ðÞ, and the values of zeroth and first transverse modes are calculated at a wavelength of 370 nm, to be 98.5% and 62%, respectively; here, the higher order modes above the second mode are cut off from the waveguide. Thus, the zeroth and first modes relate to the lasing oscillation. Using an equivalent refractive index n eqi defined by =k 0 ( i : the propagation constant of the ith mode, k 0 : the wavenumber in vacuum), the resonant wavelengths for sample C1 are calculated for the TE mode (electric field polarized along the c-plane of wurtzite); in the optical gain wavelength range of GaN, the resonance wavelengths of 365.8 and 370.1 nm are calculated for the zeroth mode, and those of 364.0, 366.7, and 370.1 nm are calculated for the first mode. These values are not completely consistent with the lasing wavelengths in experiments, but the number of wavelengths is consistent. Note that the circular nanoring cavity C1 (see Fig. 3 ) was deformed from circular structure. Thus, the random deviation in the wall width varies the optical paths or from another viewpoint, slightly changing the propagation constant of the guided mode, which causes the deviation in wavelength from the theoretically expected value.
In contrast, the hexagonal nanoring geometry was well fabricated, as shown in Fig. 1 . In the growth of the circular nanoring, anisotropy in the lateral growth rate [17] inhibited the formation of a perfect circular configuration, while the crystalline nature in the hexagonal system of GaN tends to result in the growth of sixfold crystal facets of a hexagon [17] , thus fabricating a hexagonal nanoring with fine cavity configuration. Note that a small number of emission peaks were observed in the samples H0 and H1 (see Figs. 2 and 4, respectively) , even though the cavity lengths, i.e., the roundtrip length of light, were longer than that of the circular nanoring (C1). The hexagonal nanorings consisted of hexagonally connected sixfold side sections. In the cavities, the periodic boundary condition specifies the resonance wavelength and thus, the boundary condition for each short section of 1-m length limits number of resonance wavelengths.
Numerical analysis by 2-D finite difference time domain method (2-D-FDTD) is carried out for sample H0 in Fig. 1 . In the calculation, when an impulse light signal (white light) is analytically generated inside the GaN hexagonal nanoring model, the light signal remaining in the nanoring after a long time is calculated as a function of wavelength by the Fourier transform method. Fig. 5(a) shows the calculated spectral light response, and Fig. 5(b) shows the standing-wave distribution of light along the nanoring cavity H0. A strong enhancement in light response at 366.5 nm is calculated and the intensity peak clearly corresponds to the experimental spectral peak at 365.6 nm. The response peak that appeared at approximately 420 nm did not contribute to the lasing action because the wavelength is outside the optical gain region of GaN. In Fig. 5(b) , note that the total number of antinodes around the hexagonal nanoring cavity is 48, with eight antinodes in each side section. The same calculation was performed by a simple plane wave model, resulting in the resonant wavelength of 366.6 nm, which is very close to the 2-D-FDTD calculation. This finding indicates that the GaN hexagonal nanoring cavity functions as the coupled sixfold microring section resonators. Fig. 6 shows calculated light confinement factors of the zeroth and first transverse modes for nanoring waveguides as a function of the nanoring width. The nanoring waveguide of H0 ðW ¼ 60 nmÞ supported only the zeroth transverse mode; thus, the single-mode lasing was obtained. At the same time, for sample H1, which supports the 0th and 1st modes, as described above, double-peak emissions appeared, in which the second intensity peak at 365.6 nm was related to the first transverse optical mode with a lower value. With decreasing W, higher order modes are cutoff one by one, and eventually, only the zeroth mode remains, but in this case, of the zeroth mode becomes low; for example, it is 47% for W ¼ 60 nm. The mode gain is defined by g (g: medium gain), and thus, the threshold for lasing should be increased. From this viewpoint, it is preferable that the lasing of the first mode is suppressed while maintaining a high value of the zeroth mode. High values of the zeroth and first modes (at 365 nm) for W of 100 nm are calculated to be 95.5 and 5.7%, respectively, which is advantageous for the low-threshold lasing of the zeroth mode, while no lasing of the first mode is expected. At the same time, for W ¼ 80 nm, the first mode is just cut off from the waveguide, at which the of zeroth mode is 87%, but the value steeply decreases with decreasing W. Thus, it is preferable that W is designed at the critical point without cutoff of the first mode but close to that. A tiny hexagonal nanoring resonator with a short side length of 0.8 m, i.e., 1.4 m diameter, also exhibited into lasing action; nevertheless, it had two lasing wavelengths. Here, the wide wall width of 170 nm supports two transverse modes, and thus, a thin wall width as well as a short side length is essential for a single-wavelength laser action.
In summary, GaN nanorings with hexagonal and circular ring configurations were grown by rf-MBE with Ti-mask SAG, demonstrating optically pumped lasing action based on the resonance of the nanoring cavity. Hexagonal nanorings, which possessed fine cavity configurations of crystallographically flat outer walls, were fabricated. For the nanoring cavities, the resonancecavity structure of the hexagonally connected sixfold side sections provides wavelength selectivity, enabling a decrease in number of lasing wavelengths; narrowing the wall, which suppresses the occurrence of lasing in higher transverse modes, contributes to single-wavelength lasing. In fact, the single-wavelength lasing operation of the hexagonal nanoring cavity was observed but with the narrow wall of 60 nm.
